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coefficient at the /rth panel for the (3 mode, which is calculated
from the doublet-lattice method using the following equation

dx
(7)

where Dks is the normal wash factor and k the reduced
frequency. From Eqs. (2), (5), and (6), the power spectrum
SQa(u) is given as

{ l-Ha

Q

= \Ha(u)\2K2
aSLD(a)

where

(8)

(9)

Knowing Sga ( co) , the acceleration spectra can be deter-
mined using Eq. (1) by differentiating with respect to time
twice.

Example
As an example, the response of a F-4E wing is studied using

structural and experimental wind tunnel rigid wing pressure
fluctuation measurements given by Mullans and Lemley.5 A
total of 18 panels are used in the computations and the first 10
symmetric and antisymmetric bending modes are considered.
Figure 2 shows a comparison between predictions and flight
test data for the acceleration power spectral density measured
at 84% semispan and 26% chord at M=0.82 and a dynamic
pressure <2 = 350 psf. Two representations of the input
random load power spectrum are used. The first assumes a
constant correlation model where the pressure spectrum at
any point in a panel and the pressure cross spectrum between
two points in the same panel are both taken to be equal to the
pressure spectrum at the panel center.2 The second assumes
an exponential spatially decaying form for the pressure cross
spectrum using spearated flow decay coefficient data from
Coe et al.7 In all of the computations a value of 0.05 is used
for the structural damping ratio. Using the constant
correlation assumption, the comparisons with results from
Ref. 5, which does not include the unsteady aerodynamic
forces due to the wing vibration, show that unsteady air loads
induced by the vibrating wing are quite important in the low-
frequency range of the spectrum. However, at higher
frequencies, they become less significant. Comparisons with
flight test results show that the constant correlation assump-
tion overestimates the response at the higher frequencies, but
a great improvement in the predicitions is obtained by using
the exponential spatially decaying form for the pressure cross-
power spectrum. At low frequencies, due to inaccuracies in
evaluating the decay coefficients obtained by extrapolating
data7 measured at much higher frequencies, it is found that
predictions using the constant correlation assumption are in
better agreement with flight test data than those obtained
from the spatially decaying pressure cross-power spectrum
representation.

Conclusions
A method for predicting the response of a wing to buffet

loads has been presented. The unsteady aerodynamic forces
generated by the vibrating wing are included in the analysis. It

is shown that unsteady aerodynamic forces have a significant
effect on the response predictions at low frequencies, while at
higher frequencies they become less important.

In modeling the input load, the constant correlation
assumption gives reasonable results at low frequencies, but at
higher frequencies, the exponential spatially decaying form of
the cross-power spectrum for the fluctuating pressures gives
results which are in much better agreement with flight test
data.
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Introduction

CURRENT methods of sensing angle of attack1 include
use of vanes that line up with local flow, tapped

hemispherical probes from which pressure differential
measurements are obtained and translated into angle-of-
attack and sideslip-angle information, and servo-driven null-
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seeking pressure tubes that are servo-aligned with the local
flow to equalize differential pressures sensed from the probe.
Several years ago the suggestion was made that a small,
appropriately tapped airfoil might serve well as an angle-of-
attack sensing probe.2 Potential advantages of such a probe
were perceived to be simplicity, since the probe would involve
no moving parts external to the aircraft, and possible im-
provement in accuracy, since flow over an airfoil would be
used rather than flow over a hemisphere or cylinder.

A feasibility study was conducted at Iowa State University
to evaluate the potential of a small airfoil as an angle-of-
attack sensing probe in low-speed low-dynamic pressure
environments. A theoretical evaluation using techniques
presented in Ref. 3 indicated that there should be significant
variation with angle of attack of pressure coefficients on the
surface of the airfoil, and that differential pressure coef-
ficients for an airfoil should be increased by a factor of 2 or
more in comparison with coefficients obtainable from flow
over a hemisphere. Wind tunnel tests in a slow-speed wind
tunnel on a small rectangular wing with NACA 0012 airfoil
section demonstrated that significant differential pressure
coefficients could be obtained. A laboratory system was
developed and tested to demonstrate the feasibility of
providing digital form and fed to an onboard computer for
proessing to produce digital angle-of-attack and dynamic
pressure data to an onboard digital flight control computer.

The Proposed System
A schematic diagram of the system proposed and evaluated

in this study is shown in Fig. 1. The probe is to be a small
canard wing mounted at some suitable location on the side of
the fuselage, much as current angle-of-attack sensors are
located. Pressure sensing taps are to be located on the upper
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Fig. 1 Schematic diagram of angle-of-attack sensor and feedback
system.

and lower surfaces of the probe, probably in the forward 10%
of the chord of the airfoil. Pressure leads transmit the
pressures sensed at the taps to analog pressure differential
transducers. The differential pressure measurements are
converted to digital form and fed to an onboard computer for
processing to produce digital angle-of-attack data to the flight
control computer and/or a cockpit display.

Static pressures sensed at the taps depend upon dynamic
pressure and angle of attack. A theoretical study in which the
relatively simple techniques of Ref. 3 were applied showed
that one could expect maximum differentials between taps on
the upper and lower surfaces at about 5% chord position. In
addition, the theory indicates that the variation of differential
pressure coefficient with angle of attack should be essentially
linear. For this study, Reynolds and Mach number effects
were ignored, since wind tunnel test section speeds used in
experimental studies were less than 150 ft/s.

In principle, at least two independent sets of pressure
differential measurements must be provided to the computer
so that dynamic pressure information may be extracted,
thereby permitting calculation of angle of attack. Thus a
minimum of three pressure taps must be utilized. The
technique proposed and used in this study was to calibrate two
independent differential pressure coefficients from the probe
as functions of angle of attack, and, to use these calibration
functions in the computer to convert measured differential
pressures into angle-of-attack information. Dynamic pressure
may be determined as a byproduct of the computation.

Results
Wind tunnel testing was conducted in the Iowa State

University slow-speed wind tunnel. The test article was a well-
tapped half-wing mounted on a base on the floor of the test
section. Airfoil section was an NACA 0012 airfoil. The wing
had a chord, c, of 12.00 in. and a span of 17.69 in. from the
base to the tip. Tip clearance from the top of the test section
was about 0.7c. Pressure differential measurements for more
than a dozen pairs of taps were made to determine the best
pairs for further use in testing. The taps selected were as
shown in Fig. 1. Tap 1 is on the upper surface at 7.5% chord.
Tap 2 is on the upper surface just aft of the leading edge at
0.5% chord. Tap 3 is on the lower surface at 5% chord.
Figure 2 shows typical calibration curves for the three sets of
taps taken two at a time. The two pressure differentials used
in testing of the proposed system were AP3}=P3—P] and

The calibration curves are shown to be slightly curvilinear.
These curves were approximated by the following quadratic
function

AP=q(aa2 + ba + c) (1)

where q is dynamic pressure, and the coefficients for each pair
of taps were determined from a least-squares fit to calibration
data. Using Eq. (1) for each pair of pressure taps on the
probe, it is possible to obtain the formula

(2)

Fig. 2 Differential pressure coefficient calibration curves.

where /3 = AP57/AP25, and the subscripts 1 and 2 refer to
pressure differentials AP37 and AP25, respectively.

A laboratory version of the system shown in Fig. 1 was
developed and tested at four wind tunnel test section speeds
between about 93 and 130 ft/s. The test probe angles of attack
was set manually. Computed angles of attack from the
pressure differential measurements were displayed on the
screen of a computer. Computed values were compared with
the manually set values. Results showed computed values to
be within 0.1 deg of the manually set values over a range of
angle of attack from - 14.0 to + 6.0 deg, and to be within 0.5
deg over a range from - 16.0 to + 16.0 deg.
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There are two basic sources of error for the system. The
first is in calculation of the differential pressure ratio
/3 = AP5//AP25. This error can be produced by errors in the
analog differential pressure transducers as well as by the A/D
conversions in providing differential pressure data to the
computer. The second source of error is in the accuracy by
which the assumed quadratic calibration curves truly
represent differential pressure coefficients as functions of
angle of attack. Sensitivity of system output to the first of
these errors was shown to be quite low at +2.0 deg in this
study but to increase drastically as angle of attack increased.
Sensitivity to the second of these errors was shown to be
relatively small.

Conclusions
This study has shown that a small airfoil probe, consisting

of a small canard wing mounted appropriately on an airframe
and properly tapped, can serve as a viable alternative as a
probe for angle-of-attack sensing on aircraft. An NACA 0012
airfoil section was used in wind tunnel tests in this study, and
differential pressure coefficients greater than 3.0 at high
angles of attack were achieved. These coefficients are an
improvement by a factor of 2.0-3.0 over comparable coef-
ficients obtained from hemispherical probes.
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Nomenclature
l i f t slope of wing section
nth coefficient of Fourier decomposition of
spanwise d is t r ibut ion of circulation
aspect ratio
wing semispan
wing chord
l i f t ing line shape function
defined by Eq. (3)
freestream velocity
self-induced and wake-induced downwash
velocities, respectively.
coordinates in the streamwise and spanwise
directions, respectively
angle of attack of wing cross section
sectional circulation on the wing divided by the
freestream velocity and wing semispan
coefficient of parabolic l i f t i n g l ine defined by

= dummy coordinates
respectively

in x,y directions,

Introduction

ONE of the classical results of incompressible aerodynam-
ics is that the minimum induced drag on a thin flat wing

of given lift is obtained when the downwash is constant.1 This
results in the well-known elliptical distribution of chord
length and vorticity for straight wings.

This result has since been generalized in various directions.
Kuchemann2 showed that minimal induced drag for swept
wings is obtained for a planform wider at the root and
narrower at the tips than the elliptical shape. Other workers
analyzed cases of wings of given l i f t d is t r ibut ion, 3 root
moment, and given structural weight4 for swept, straight
planforms.

In the present Note, the problem of minimizing induced
drag for given l if t in the case of wings with a curved center line
(line of sectional centers of pressure), including both forward
and backward sweep (see Fig. 1), is examined within the
framework of lift ing-line theory.

Analysis
The analysis is obtained for planforms of aspect ratio

/R§>1, radius of curvature 0(/R), and only slight 0 ( / R ~ 7 )
deviations from planar wings. The derivation of this theory
was described in detail in Ref. 5, so that only the relevant
highlights are shown here.

Classical l if t ing-line theory is based on the assumption that
( x — ^ ) 2 < ( y — rj)2 almost everywhere, as /R>1. This leads to
r//£ = 0(/R) almost everywhere. This approach is generalized
to curved wings by allowing -£=/( r / ) + 0(c) as the radius of
curvature is large everywhere. The requirement of a finite
radius of curvature leads to a self-induced component of
downwash on the l i f t ing line, which did not exist in straight
l i f t ing-l ine theory.1 '3 An integral equation5 is obtained for the
curved l i f t ing line, correct to first order in /R

-h dry y — rj
)dr?

The second term on the left-hand side of Eq. (1) is the new
term describing the self-induced velocity. This is a s ingular
integral equation, but the singulari ty which is obtained for
y = K] is removed by t ak ing a f in i t e core radius for the vortex.
This well-known technique7 results in a new unknown, the
core radius. This is obtained by calculating the induced drag
twice, once in the Trefftz plane far downstream, and in-
dependently on the wing. Both results are obtained as a
function of the yet unknown core radius, so that equat ing
them gives the core size. The spanwise dis t r ibut ion of cir-
culation can be wr i t ten in terms of a Fourier series

A,,sm(nd)

Equation (1) is then5
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and

A , , K L ( n , d ) a n d

(2)

n A n K T ( n , Q ) ( 3 )


